We construct an exact quantization formula for Schrödinger equations with potentials thatdepend affine linearly on the energy, that is, they contain a term linear in the energy plus an energy-independent term. If such an energy-dependent potential admits a discrete spectrum and its ground state solution is known, our formula predicts the complete energy spectrum in exact form.
Introduction
Quantization formulas for stationary Schrödinger equations are usually applicable in the scenario of a discrete energy spectrum, delivering estimates on the bound state energy levels and on the total number of bound states. The most famous of such quantization formulas is the semiclassical Bohr-Sommerfeld quantization rule [13, 15] , which has been applied frequently in order to obtain estimates for spectral energy values of Schrödinger-type equations, see e.g. [3] for an exact treatment or [14] for a numerical scheme using interpolation. A concrete application concerning particle collisions can be found in [6] , where the solution's phase is determined by integrals of the type that occur in the Bohr-Sommerfeld rule. These so-called phase integrals were then used to estimate the number * E-mail: xbataxel@gmail.com of bound states permitted by a particular potential [2] . In general, the Bohr-Sommerfeld rule yields approximations, which is due to the fact that it requires only the potential as an input. As was shown recently [12] , in case more information about the quantum system is available, then the Bohr-Sommerfeld rule can be modified to deliver exact results: knowledge of the potential and the quantum system's ground state are sufficient to predict the entire discrete energy spectrum in closed form. The such modified Bohr-Sommerfeld rule (called exact quantization formula) has been successfully tested on potentials that admit a discrete spectrum, including the Coulomb and harmonic oscillator case [12] , Kratzer-type potentials [10] , hyperbolic and Pöschl-Teller-like potentials [4] , modified RosenMorse potentials [9] , and many more. In contrast to these numerous applications in the conventional Schrödinger case, very little is known about quantization formulas and their application to other quantum-mechanical equations, such as the position-dependent mass Schrödinger equa-tion [16] . In particular, there is no quantization formula that works with energy-dependent potentials. Recently, especially linearly energy-dependent potentials have attracted a considerable amount of interest, as they can be used to model the interaction of heavy quark systems, see [5, 11] and references therein. In general, Schrödinger equations with energy-dependent potentials cannot be solved by conventional methods, only in very few cases the method can be adapted, such that it respects the energy dependence of the potential [8] . Furthermore, in the presence of such potentials the Quantum Theory undergoes modifications regarding the definition of the norm and the completeness relation [7] . In order to get a better understanding of energy-dependent potentials and the integrability of their associated Schrödinger equations, in this note we develop an exact quantization formula for potentials that are affine linear functions with respect to the energy. For the sake of brevity we will call such potentials linearly energy-dependent, although in the strict sense of the word the potentials are not linear in the energy, but affine linear. As in the conventional case, our formula predicts the discrete energy spectrum in its exact form, provided the potential and the corresponding ground state of the quantum system are known. Our construction method is based on a relation between Schrödinger equations with linearly energy-dependent potentials and an equation of generalized Schrödinger type. Besides deriving our quantization formula and applying it to a concrete situation, we obtain a normalizability condition in terms of the energy-dependent potential. For the sake of completeness, we review the conventional quantization formula in section 2. Section 3 is devoted to the construction of our new quantization formula and the discussion of normalizability. In section 4 we discuss a simple example that shows how our quantization formula can be applied.
Preliminaries: the conventional quantization formula
Let ( ) be a real interval and consider the Schrödinger equation with Dirichlet boundary conditions
Suppose that the potential V is continuously differentiable in ( ). The interval ( ) is allowed to be infinite, that is, instead of ( ) we can take (−∞ ), ( ∞), or the whole real line (−∞ ∞). Further assume that the problem (1), (2) allows for a discrete, real spectrum (E ), bounded from below by E 0 , with associated eigenfunctions φ ∈ L 2 ( ). Assume further that there are two points
), and such that the eigenfunction φ has zeros in the interval ( 1 E 2 E ). Then there exists an ample class of potentials [12] , for which the following quantization formula holds, note that for the sake of brevity we omitted the arguments:
This is an implicit equation for the spectral value E . Thus, the usefulness of equation (3) lies in the fact that it -only from the ground state φ 0 and its spectral value E 0 -determines the entire spectrum (E ). Note that (3) is a modification of the semiclassical Bohr-Sommerfeld quantization condition. The difference between the latter condition and (3) lies in the second term on the right hand side, which does not appear in the Bohr-Sommerfeld condition.
Construction of the quantization formula
Our construction of the quantization formula for Schrödinger equations with linearly energy-dependent potentials is based on a relation between the conventional Schrödinger equation and its counterpart with energydependent potential. In the first step we establish this relation, then use it for transforming the conventional quantization formula. Afterwards, we derive conditions on the normalizability of the solutions to our Schrödinger equa-tion with energy-dependent potential.
Transformation of the boundary-value problem
Let ( ) be a real interval and consider the following boundary value problem of Dirichlet type for the stationary, one-dimensional Schrödinger equation:
Here φ denotes the solution, the real number E stands for the energy and V is the potential, which we assume to be continuously differentiable. The interval ( ) is allowed to be infinite, that is, instead of ( ) we can take (−∞ ), ( ∞), or the whole real line (−∞ ∞). Now let be a twice continuously differentiable, positive function defined on (
) and set
where φ stands for the solution of our boundary value problem (4), (5) . It is straightforward to check that the function ψ as given in (6) solves the following equation of Schrödinger type:
where the potential U is explicitly given by:
Now let us see how the boundary condition (5) transforms under the setting (6) . To this end, we first note that the argument of φ on the right hand side of (6) is a strictly increasing function, since is positive. Let us abbreviate this argument as follows:
The strict monotonicity of this function implies its invertibility. Thus, for a finite interval ( ) there are two distinct points , , such that
Clearly, this extends to the case where ( ) is infinite: either or or both will then be infinity. Since the first factor on the right hand side of (6) never vanishes, the solution ψ of (7) fulfills the following boundary conditions of Dirichlet type:
Thus, our transformation (6) yields again Dirichlet-type boundary conditions. In the final step we show that equation (7) can be interpreted as a Schrödinger equation for the following energy-dependent potential:
for two functions U 1 and U 2 that will now be defined and related to U and in a suitable way. Before we do so, let us use (12) to understand in what way the potential U can be called an affine linear function. In general, an affine linear function is a linear function with respect to its variable plus a translation, that is, a term that does not depend on the variable. Now, if we talk about U being an affine linear function, we mean this with respect to the variable E. It is immediate to see that the first term on the right hand side of (12) is a linear function in E, whereas the second term does not depend on E. Therefore, U can be called an affine linear function with respect to the energy E. This distiction of variables is important, as U is only affine linear in E, but not necessarily in , since its dependence on the latter variable is arbitrary. However, throughout this note we will call the potential in (12) linearly dependent on the energy, that is, for the sake of simplicity we omit the term "affine". Now, let us rewrite equation (7) using the setting = 1−U 1 , where U 1 is an arbitrary, twice continuously differentiable function:
This is equivalent to
Next, introduce a function U 2 by setting U 2 = U(1 − U 1 ), which renders the last equation in the following form:
This is the Schrödinger equation for a potential that depends linearly on the energy. Thus, our transformation (6) converts the boundary value problem (4), (5) for the conventional Schrödinger equation into the boundary value problem (11), (13) for the Schrödinger equation with linearly energy-dependent potential.
Transformation of the quantization formula
Consider the boundary value problem (4), (5) and suppose that the conventional quantization formula (3) applies. This means that there are two points 1 E and 2 E in ( ) with the properties
Now, since as given in (9) is invertible, there are two distinct points E = −1
These properties can now be expressed by means of equation (8) . Solving for V gives
Now, we make use of the fact that in our equation (13) we have U = U 2 /(1 − U 1 ). This renders properties (14) in the following form:
It remains to verify the formula (3). To this end, let us take its left hand side and exchange coordinates from to , using (9) . Taking into account = 1 − U 1 , U = U 2 /(1 − U 1 ), together with relation (15) between the potentials V and U, we get
It remains to transform the right hand side of the conventional quantization formula (3). We start with the first term inside the integral, which we evaluate by means of (9):
In order to rewrite the remaining terms, we need to express the function φ 0 in (3) through its counterpart ψ 0 , which we find from inversion of (6) and by means of = 1 − U 1 :
Now we have completed our evaluation of the conventional quantization formula (3). On substitution of (18), (19), (20) into (3) we get the final result
where = 1 − U 1 and the function V is given in (15) . While the construction of the quantization formula (21) is straightforward from a mathematical point of view, its actual derivation from physical concepts -as done for the conventional quantization formula [12] -is in general difficult, because in the presence of energy-dependent potentials the underlying Quantum Theory changes [7] . Nevertheless we will now demonstrate how the left hand side of our quantization formula (21) can be obtained without point transformations, but just from the actual Schrödinger equation. Take this equation in the form (7) and write it as an operator equation using the conventional formalism involving the momentum:
Now, the integrand on the left hand side of the conventional quantization formula (3) is the momentum. If we solve (22) for the momentum and take into account that = 1 − U 1 , we get
This is precisely the term under the integral on the left hand side of our quantization formula (21), up to the argument of V and the index of E. A similar consideration can be performed for justifying the right hand side of (21).
Normalizability with energy-dependent potential
Solutions of Schrödinger equations with energydependent potentials must be normalized differently from normal. In particular, existence of the usual L 2 -norm does not imply existence of the modified norm that has to be considered in the presence of an energy-dependent potential, see [7] for details. In order to study the normalizability of solutions to our particular equation (13), let us start from a solution φ of our conventional boundary value problem (4), (5) and assume conventional L 2 -normalizability of φ, that is, φ ∈ L 2 ( ). Then our transformation (6) that produces the solution ψ of the boundary value problem (11), (13), will preserve L 2 -normalizability. This can be seen by inserting (6) and (9) into the definition of the L 2 -norm:
Since this is finite by assumption, we obtained φ ∈ L 2 ( ) ⇒ ψ ∈ L 2 ( ). Now, if ψ is a solution of our Schrödinger equation (13) with energy dependent potential, its norm ψ is given by [7] 
This norm exists, if the following conditions are satisfied:
). This is fulfilled, if we derive ψ from an L 2 -normalizable solution φ of the conventional Schrödinger equation (4), as seen above.
• It holds U 1 ( ) ≤ 1 for almost all ∈ ( ), otherwise the norm (23) becomes negative, which is not compatible with its probabilistic interpretation.
It should be pointed out that the norm (23) can exist, although ψ is not normalizable in the L 2 sense, as long as the factor 1 − U 1 vanishes fast enough at the points and . However, such ψ will in general not satisfy the boundary conditions (11).
Application to a hyperbolic potential
We will now see how the quantization formula (21) works for an explicitly given problem. To this end, consider the following boundary-value problem, which is a special case of (11), (13):
Clearly, the points and , as given in (11), stand for minus and plus infinity, respectively. Furthermore, the potential components U 1 and U 2 , as stated in (13), can be extracted as follows:
Note that the particular numerical coefficients in U 2 were introduced in order to shorten the expressions in subsequent calculations. The boundary value problem (24), (25) has the following set of solutions ψ , together with their corresponding discrete spectral values E , where is a nonnegative integer:
Here H stands for the Hermite polynomial of order . Note that the solutions (28) and their energies (29) can be obtained from the conventional Schrödinger equation for the harmonic oscillator potential after undergoing a point transformation. We observe that the functions ψ fulfill the boundary conditions (25) and have exactly real zeros, since the hyperbolic cosine never vanishes and since sinh(0) = 0. We will come back to this fact once we evaluate our quantization formula (21). Before we do this, let us notice that the functions (28) are L 2 -normalizable. Since furthermore U 1 ≤ 0, according to the previous section our solutions (28) are also normalizable with respect to the norm (23), which is finite and nonnegative. Now let us verify our quantization formula (21) for the present case. Starting with its left hand side, we first take into account (9) and (15) , that is,
where an irrelevant integration constant in has been set to zero. Next, we find the limits of integration 1 E and 2 E by solving equation (16) with respect to :
Note that the upper index −1 does not denote a power, but indicates the inverse function. The above expressions, together with (26) and (31), can now be incorporated into the left hand side of the quantization rule (21): This is precisely what we wanted to obtain, namely, the spectral values as given in (29). Thus, we have successfully verified our quantization formula (21).
Concluding remarks
Schrödinger equations with affine linearly energydependent potentials have the property of being related to Schrödinger equations with energy-independent potential. This property makes it possible to adapt methods that come from the conventional Quantum Theory, such as the quantization formula that we constructed in the present work. In general, if the potential depends on the energy in a nonlinear way, then the corresponding Schrödinger equation cannot be mapped onto a Schrödinger equation with energy-independent potential. As an example let us mention a quadratic energy dependence in the potential: there, the Schrödinger equation with energy-dependent potential can be identified with a Klein-Gordon equation, which in its general form cannot be transformed into a conventional Schrödinger equation.
